On the irregularity of uniform hypergraphs by Liu, Lele et al.
ar
X
iv
:1
80
2.
02
14
6v
1 
 [m
ath
.C
O]
  6
 Fe
b 2
01
8
On the irregularity of uniform hypergraphs ✩
Lele Liua, Liying Kanga, Erfang Shana,b,∗
aDepartment of Mathematics, Shanghai University, Shanghai 200444, P.R. China
bSchool of Management, Shanghai University, Shanghai 200444, P.R. China
Abstract: Let H be an r-uniform hypergraph on n vertices and m edges, and let di be
the degree of i ∈ V (H). Denote by ε(H) the difference of the spectral radius of H and the
average degree of H. Also, denote
s(H) =
∑
i∈V (H)
∣∣∣di − rm
n
∣∣∣ , v(H) = 1
n
∑
i∈V (H)
d
r
r−1
i −
(rm
n
) r
r−1
.
In this paper, we investigate the irregularity of r-uniform hypergraph H with respect to
ε(H), s(H) and v(H), which extend relevant results to uniform hypergraphs.
Keywords: Uniform hypergraph; Adjacency tensor; Measure of irregularity; Degree
sequence
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1. Introduction
Let G = (V (G), E(G)) be an undirected graph with n vertices and m edges without
loops and multiple edges, where V (G) = [n] := {1, 2, . . . , n}. A graph G is regular if
all its vertices have the same degree, otherwise it is irregular. In many applications and
problems it is of importance to know how irregular a given graph is. Various measures of
graph irregularity have been proposed and studied, see, for example, [2, 4, 11, 15, 16] and
references therein.
We first survey some known parameters used as measures of irregularity as well as their
respective properties. In 1957, Collatz and Sinogowitz [4] showed that the spectral radius
ρ(G) of a graph G is greater than or equal to the average degree d(G), and the equality holds
if and only if G is regular. The fact allows us to consider the difference ε(G) = ρ(G)− d(G)
as a relevant measure of irregularity of G. The authors also proved that, for n ≤ 5, the
maximum value of ε(G) is
√
n− 1 − 2 + 2/n and the maximal is attained for the star Sn.
Fifty years later, Aouchiche et al. [1] conjectured that the most irregular connected graph
on n (n ≥ 10) vertices is a pineapple graph. Recently, this conjecture was proved by Tait
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and Tobin [26]. In 1992, Bell [2] suggested making the variance v(G) of the vertex degrees
of G as a measure of the irregularity, i.e.,
v(G) =
1
n
n∑
i=1
d2i −
(
2m
n
)2
.
The author compared ε(G) and v(G) for various classes of graphs, and showed that they
are not always compatible. Also, the most irregular graphs according to these measures
were determined for certain classes of graphs. In 2006, Nikiforov [15] introduced
s(G) =
∑
i∈V (G)
∣∣∣∣di − 2mn
∣∣∣∣
as a new measure of the irregularity of a graph G, and showed several inequalities with
respect to ε(G), s(G) and v(G) as follows:
v(G)
2
√
2m
≤ ρ(G)− 2m
n
≤
√
s(G). (1.1)
In particular, for a bipartite graph G with m edges and partition V (G) = V1
⋃˙
V2, Nikiforov
[15] defined
s2(G) =
∑
i∈V1
∣∣∣∣di − mn1
∣∣∣∣+∑
i∈V2
∣∣∣∣di − mn2
∣∣∣∣
as a more relevant irregularity parameter than s(G), where n1 = |V1|, n2 = |V2|. Also, it
was proved that
ρ(G) − m√
n1n2
≤
√
s2(G)
2
. (1.2)
These irregularity measures as well as other attempts to measure the irregularity of a graph
were studied in several works [6, 7, 8, 11, 23].
Our work in the present paper is to study the irregularity of uniform hypergraphs.
Denote by H(n,m) the set of all the r-uniform hypergraphs with n vertices and m edges.
Let H ∈ H(n,m) be an r-uniform hypergraph, and ρ(H) be the spectral radius of H. In
2012, Cooper and Dutle [5] showed that ρ(H) ≥ rm/n. It is clear that the equality holds
if and only if H is regular by [21, Theorem 2]. Therefore, the value
ε(H) = ρ(H)− rm
n
can be viewed as a relevant measure of irregularity of H. Denote
s(H) =
∑
i∈V (H)
∣∣∣di − rm
n
∣∣∣ ,
where di is the degree of vertex i of H. Obviously, s(H) ≥ 0, with equality if and only
if H is regular. Analogous to the graph case, if H ∈ H(n,m) is an r-partite r-uniform
hypergraph with partition V (H) = V1
⋃˙
V2
⋃˙ · · · ⋃˙Vr and |Vi| = ni, i ∈ [r], we denote
sr(H) =
∑
i∈[r]
∑
j∈Vi
∣∣∣∣dj − mni
∣∣∣∣ .
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For an r-uniform hypergraph H ∈ H(n,m), we also denote
v(H) =
1
n
n∑
i=1
d
r
r−1
i −
(rm
n
) r
r−1
.
It follows from Power Mean inequality that v(H) ≥ 0, with equality holds if and only if H
is regular.
The main contribution of this paper is proposing some relations among ε(H), s(H)
and v(H), which extend relevant results to uniform hypergraphs. To be precise, we first
generalize (1.2) to r-partite r-uniform hypergraphs as follows.
Theorem 1.1. Let H ∈ H(n,m) be an r-partite r-uniform hypergraph with partition V (H) =
V1
⋃˙
V2
⋃˙ · · · ⋃˙Vr. Let |Vi| = ni, i ∈ [r]. Then
ρ(H)− m
r
√
n1n2 · · ·nr ≤
(
sr(H)
2
) r−1
r
.
The main frame of Theorem 1.1 is inspired by that of [15]. By virtue of Theorem 1.1 and
the direct product operation of hypergraphs, we obtain the following result concerning ε(H),
s(H) and v(H), which generalize the result (1.1).
Theorem 1.2. Let H ∈ H(n,m). Then
r − 1
r
√
m
(
r
√
r!
rr
) 1
r−1
v(H) ≤ ρ(H)− rm
n
≤ r
r
√
r!
(
s(H)
2
) r−1
r
.
2. Preliminaries
In this section, we first present some necessarily notions and definitions of hypergraphs
and tensors which will be used in the sequel.
A hypergraph H = (V (H), E(H)) is a pair consisting of a vertex set V (H) = [n], and
a set E(H) = {e1, e2, . . . , em} of subsets of V (H), the edges of H. For a vertex i ∈ V (H),
the degree of i, denoted by dH(i) or simply by di, is the number of edges containing i. A
hypergraph is called regular if all its vertices have the same degree, otherwise it is irregular.
The minimum and maximum degrees among the vertices of H are denoted by δ(H) and
∆(H), respectively. An r-uniform hypergraph H is called k-partite if its vertex set V (H)
can be partitioned into k sets such that each edge contains at most one vertex from each
set. An edge maximal k-partite r-uniform hypergraph is called complete k-partite.
Let H1 and H2 be two r-uniform hypergraphs. Denote by H1
⋃
H2 the union of H1
and H2, i.e., V (H1
⋃
H2) = V (H1)
⋃
V (H2) and E(H1
⋃
H2) = E(H1)
⋃
E(H2). The
direct product H1×H2 of H1 and H2 is defined as an r-uniform hypergraph with vertex set
V (H1×H2) = V (H1)×V (H2), and {(i1, j1), (i2, j2), . . . , (ir, jr)} ∈ E(H1×H2) if and only
if {i1, i2, . . . , ir} ∈ E(H1) and {j1, j2, . . . , jr} ∈ E(H2).
For positive integers r and n, a real tensor A = (ai1i2···ir) of order r and dimension n
refers to a multidimensional array (also called hypermatrix) with entries ai1i2···ir such that
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ai1i2···ir ∈ R for all i1, i2, . . ., ir ∈ [n]. The following general product of tensors was defined
by Shao [24], which is a generalization of the matrix case.
Definition 2.1 ([24]). Let A (and B) be an order r ≥ 2 (and order k ≥ 1), dimension n
tensor. Define the product AB to be the following tensor C of order (r − 1)(k − 1) + 1 and
dimension n
ciα1···αr−1 =
n∑
i2,...,ir=1
aii2···irbi2α1 · · · birαr−1 (i ∈ [n], α1, . . . , αr−1 ∈ [n]k−1).
From the above definition, if x = (x1, x2, . . . , xn)
T is a vector, we have
(Ax)i =
n∑
i2,...,ir=1
aii2···irxi2 · · · xir , i ∈ [n]. (2.1)
In 2005, Qi [20] and Lim [13] independently introduced the definition of eigenvalues of
a tensor. Let A be an order r dimension n tensor, x = (x1, x2, . . . , xn)T ∈ Cn be a column
vector of dimension n. If there exists a number λ ∈ C and a nonzero vector x ∈ Cn such
that
Ax = λx[r−1],
then λ is called an eigenvalue of A, x is called an eigenvector of A corresponding to the
eigenvalue λ, where x[r−1] is the Hadamard power of x, i.e., x[r−1] = (xr−11 , x
r−1
2 , . . . , x
r−1
n )
T.
The spectral radius of A, denoted by ρ(A), is the maximum modulus of the eigenvalues of
A.
In 2012, Cooper and Dutle [5] defined the adjacency tensors A(H) for an r-uniform
hypergraphs H.
Definition 2.2 ([5]). Let H = (V (H), E(H)) be an r-uniform hypergraph on n vertices.
The adjacency tensor of H is defined as the order r and dimension n tensor A(H) =
(ai1i2···ir), whose (i1i2 · · · ir)-entry is
ai1i2···ir =
{
1
(r−1)! , if {i1, i2, . . . , ir} ∈ E(H),
0, otherwise.
For an r-uniform hypergraph H, the spectral radius of H, denoted by ρ(H), is defined
to be that of its adjacency tensor A(H). In general, an r-uniform hypergraph H can be
decomposed into components Hi = (V (Hi), E(Hi)) for i = 1, 2, . . ., s. Denote the spectral
radii of H and Hi by ρ(H) and ρ(Hi), respectively. Theorem 3.3 in [22] implies that
ρ(H) = max
1≤i≤s
{ρ(Hi)}.
Friedland et al. [9] defined the weak irreducibility of a nonnegative tensor by using
the strong connectivity of a graph associated to the nonnegative tensor. Later, Yang et al.
[29] presented an equivalent definition of the weak irreducibility from the algebraic point
of view.
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Definition 2.3 ([29]). Let A be an order r dimension n tensor. If there exists a nonempty
proper index subset I ⊆ [n] such that
ai1i2···ir = 0 (∀ i1 ∈ I, and at least one of i2, . . . , ir /∈ I).
Then A is called weakly reducible. If A is not weakly reducible, then A is called weakly
irreducible.
It was proved that an r-uniform hypergraph H is connected if and only if its adjacency
tensor A(H) is weakly irreducible (see [19]).
Let A = (ai1i2···ir) be a nonnegative tensor of order r and dimension n. For any i ∈ [n],
we write
ri(A) =
n∑
i2,...,ir=1
aii2···ir .
The following bound for ρ(A) in terms of ri(A) was proposed in [27], and the conditions
for the equal cases were studied in [10].
Lemma 2.1 ([10, 27]). Let A be a nonnegative tensor of order r and dimension n. Then
min
1≤i≤n
ri(A) ≤ ρ(A) ≤ max
1≤i≤n
ri(A). (2.2)
Moreover, if A is weakly irreducible, then one of the equalities in (2.2) holds if and only if
r1(A) = r2(A) = · · · = rn(A).
Lemma 2.2 ([24, 28]). Let A and B be two order r dimension n tensors. If there is a
nonsingular diagonal matrix P of order n such that B = P−(r−1)AP , then A and B have
the same eigenvalues.
Remark 2.1. Let P = diag{p1, p2, . . . , pn} be a nonsingular diagonal matrix, and A(H) =
(ai1i2···ir) be the adjacency tensor of an r-uniform hypergraphH. According to Definition 2.1,
we have
(P−(r−1)A(H)P )i1i2···ir = p−(r−1)i1 ai1i2···irpi2 · · · pir . (2.3)
Lemma 2.3 ([17]). Let H ∈ H(n,m) be an r-uniform hypergraph. Then
ρ(H) ≤ r
r
√
r!
m
r−1
r .
Moreover, if H is r-partite, then
ρ(H) ≤ m r−1r ,
equality holds if and only if H is complete r-partite.
The Weyl type inequality for uniform hypergraphs is stated as follows.
Lemma 2.4 ([17]). Let H1 and H2 be r-uniform hypergraphs. Then
ρ(H1
⋃
H2) ≤ ρ(H1) + ρ(H2).
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3. Irregularity of uniform hypergraphs
In this section, we shall prove Theorem 1.1 and Theorem 1.2. Before continuing, we
present an upper bound for the spectral radius of an r-uniform hypergraph, which general-
izes a result in [3]. It is noted that the same result has been proved by Nikiforov [18]. Here
we add a characterization for the equality.
Lemma 3.1 ([18]). Suppose that H is a connected r-uniform hypergraph on n vertices.
Then
ρ(H) ≤ max
{i1,i2,...,ir}∈E(H)
{
r
√
di1di2 · · · dir
}
, (3.1)
with equality holds if and only if di1di2 · · · dir is a constant for any {i1, i2, . . . , ir} ∈ E(H).
Proof. Let P = diag {p1, p2, . . . , pn} be a nonsingular diagonal matrix. By (2.3) we have
ri(P
−(r−1)A(H)P ) =
n∑
i2,...,ir=1
p
−(r−1)
i aii2···irpi2 · · · pir
=
∑
{i,i2,...,ir}∈E(H)
p
−(r−1)
i pi2 · · · pir .
Setting pi =
r
√
di, i ∈ [n], we see
ri(P
−(r−1)A(H)P ) =
∑
{i,i2,...,ir}∈E(H)
r
√
didi2 · · · dir
di
(3.2)
≤ max
{i1,i2,...,ir}∈E(H)
{
r
√
di1di2 · · · dir
}
. (3.3)
By Lemma 2.1 and Lemma 2.2, we deduce that
ρ(H) = ρ(P−(r−1)A(H)P ) ≤ max
1≤i≤n
{
ri(P
−(r−1)A(H)P )
}
. (3.4)
Then (3.3) and (3.4) imply that
ρ(H) ≤ max
{i1,i2,...,ir}∈E(H)
{
r
√
di1di2 · · · dir
}
.
If the equality in (3.1) holds, then the equality in (3.4) holds. SinceH is connected, A(H)
is weakly irreducible. Therefore, P−(r−1)A(H)P is also weakly irreducible. By Lemma 2.1,
ri(P
−(r−1)A(H)P ) is a constant, i ∈ [n]. Furthermore, the equality in (3.3) holds. So,
di1di2 · · · dir ≡ c is a constant for any {i1, i2, . . . , ir} ∈ E(H). Conversely, assume that for
any {i1, i2, . . . , ir} ∈ E(H), di1di2 · · · dir ≡ c is a constant. It follows from Lemma 2.1 and
(3.2) that
r
√
c = min
1≤i≤n
{
ri(P
−(r−1)A(H)P )
}
≤ ρ(H) ≤ max
1≤i≤n
{
ri(P
−(r−1)A(H)P )
}
= r
√
c,
which yields that ρ(H) = r
√
c, as desired. 
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Remark 3.1. We now consider a similar topic as Lemma 3.1 which is of independent
interest. Suppose that H is a connected r-uniform hypergraph on n vertices. Let x =
1
r
√
rm
( r
√
d1,
r
√
d2, . . . ,
r
√
dn)
T be a column vector. By [21, Theorem 2] and AM–GM inequality,
we have
ρ(H) ≥ xT(Ax) = 1
m
∑
{i1,i2,...,ir}∈E(H)
r
√
di1di2 · · · dir
≥
( ∏
{i1,i2,...,ir}∈E(H)
r
√
di1di2 · · · dir
) 1
m
.
It follows that
ρ(H)r ≥
( ∏
{i1,i2,...,ir}∈E(H)
di1di2 · · · dir
) 1
m
.
From the inequality between geometric and harmonic means, we obtain
ρ(H)r ≥ m∑
{i1,i2,...,ir}∈E(H)
1
di1di2 · · · dir
. (3.5)
Clearly, equality in (3.5) holds if and only if di1di2 · · · dir is a constant for any {i1, i2, . . . , ir} ∈
E(H). The above inequality generalize a result in [12] (see also [25]).
The following lemma is needed, and the arguments have been used in [15].
Lemma 3.2. Let H ∈ H(n,m) be an r-uniform hypergraph. Then there exists an r-
uniform hypergraph Ĥ ∈ H(n,m) such that ∆(Ĥ) − δ(Ĥ) ≤ 1 and Ĥ differs from H
in at most s(H) edges.
Proof. Denote d = ⌊rm/n⌋ for short. We first show that for any H ∈ H(n,m), there
exists H∗ ∈ H(n,m) such that either δ(H∗) = d or ∆(H∗) = d + 1. If δ(H) ≤ d − 1 and
∆(H) ≥ d+2, then we select i, j ∈ V (H) such that di = δ(H) and dj = ∆(H). Since dj > di,
there exists an edge e ∈ E(H) such that j ∈ e, i /∈ e and e′ := (e\{j}) ⋃ {i} /∈ E(H). Denote
H ′ := H − e+ e′. Clearly, H ′ ∈ H(n,m) and H ′ differs from H in two edges. Moreover, we
have
s(H)−s(H ′)=
∣∣∣di−rm
n
∣∣∣+ ∣∣∣dj−rm
n
∣∣∣− ∣∣∣(di+1)−rm
n
∣∣∣− ∣∣∣(dj−1)−rm
n
∣∣∣
=
(rm
n
−di
)
+
(
dj−rm
n
)
−
(rm
n
−(di+1)
)
−
(
(dj−1)−rm
n
)
=2.
Repeating the above process, we can get an r-uniform hypergraph H∗ ∈ H(n,m) such that
either δ(H∗) = d or ∆(H∗) = d+ 1, and H∗ differs from H in (s(H)− s(H∗)) edges.
Without loss of generality, we may assume that δ(H∗) = d (the other case can be proved
similarly). If ∆(H∗) ≤ d + 1, then Ĥ = H∗ is the desired hypergraph. Otherwise, assume
that ∆(H∗) ≥ d+ 2. Denote
A = {i ∈ V (H∗) | dH∗(i) = d},
7
B = {i ∈ V (H∗) | dH∗(i) = d+ 1},
C = {i ∈ V (H∗) | dH∗(i) ≥ d+ 2},
and |A| = k, |B| = s. Let i ∈ A, j ∈ C with dH∗(j) = ∆(H∗). Notice that dH∗(j) > d, then
there is an edge e ∈ E(H∗) such that j ∈ e, i /∈ e and e′′ := (e\{j}) ⋃ {i} /∈ E(H∗). Let
H ′′ := H∗ − e + e′′. Then H ′′ ∈ H(n,m) and H ′′ differs from H∗ in two edges. Repeating
the process at most ℓ :=
∑
u∈C(dH∗(u)− d− 1) times, we can obtain the desired r-uniform
hypergraph Ĥ ∈ H(n,m). Therefore, Ĥ differs H at most (s(H)− s(H∗) + 2ℓ) edges.
In the following, we will show that s(H)− s(H∗) + 2ℓ ≤ s(H). Consider the r-uniform
hypergraph H∗, we have
rm
n
=
1
n
(∑
i∈A
dH∗(i) +
∑
i∈B
dH∗(i) +
∑
i∈C
dH∗(i)
)
=
1
n
(
kd+ s(d+ 1) +
∑
i∈C
dH∗(i)
)
=
1
n
[kd+ s(d+ 1) + (n − k − s)(d+ 1) + ℓ]
= d+ 1 +
ℓ− k
n
.
Recall that d = ⌊rm/n⌋. Hence ℓ < k. Furthermore,
s(H∗) =
∑
i∈A
∣∣∣dH∗(i)− rm
n
∣∣∣+∑
i∈B
∣∣∣dH∗(i)− rm
n
∣∣∣+∑
i∈C
∣∣∣dH∗(i)− rm
n
∣∣∣
= k
(rm
n
− d
)
+ s
(
d+ 1− rm
n
)
+
∑
i∈C
(
dH∗(i)− rm
n
)
= k
(
1 +
ℓ− k
n
)
+ s · k − ℓ
n
+ ℓ+ (n− k − s) · k − ℓ
n
= 2k
(
1− k − ℓ
n
)
+ 2ℓ > 2ℓ,
then the result follows. 
By applying Lemma 3.2 to each vertex class of an r-partite r-uniform hypergraph, we
can obtain the following corollary.
Corollary 3.1. Let H ∈ H(n,m) be an r-partite r-uniform hypergraph. Then there exists
an r-partite r-uniform hypergraph Ĥ such that |d
Ĥ
(i) − d
Ĥ
(j)| ≤ 1 for any i, j belonging
to the same vertex class and Ĥ differs from H in at most sr(H) edges.
In the sequel, we shall prove Theorem 1.1. For this purpose, we need the following
concept. Let H be an r-uniform hypergraph on n vertices and k1, k2, . . ., kn be positive
integers. Denote H(k1, k2, . . . , kn) for the r-uniform hypergraph obtained by replacing
each vertex i ∈ V (H) with a set Ui of size ki and each edge {i1, i2, . . . , ir} ∈ E(H) with
a complete r-partite r-uniform hypergraph with vertex classes Ui1 , Ui1 , . . ., Uir . The
hypergraph H(k1, k2, . . . , kn) is called a blow-up of H.
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Lemma 3.3 ([17]). Let H be an r-uniform hypergraph on n vertices. Then
ρ(H(k, k, . . . , k)) = kr−1ρ(H).
Proof of Theorem 1.1. By Corollary 3.1, there exists an r-partite r-uniform hypergraph
Ĥ ∈ H(n,m) such that |d
Ĥ
(i)− d
Ĥ
(j)| ≤ 1 for any i, j belonging to the same vertex class
and Ĥ differs from H in at most sr(H) edges. Therefore 2|E(H)\E(Ĥ)| ≤ sr(H). We need
the following two claims.
Claim 1. r
√
n1n2 · · ·nr ≥ r
√
n/r.
Proof of Claim 1. Without loss of generality, we assume that n1−n2 ≥ 0. We will replace
the pair n1 and n2 by n
′
1 = n1 + 1 and n
′
2 = n2 − 1. Notice that n′1 and n′2 have the same
sum as n1 and n2 while decreasing the product. To be precise, n
′
1n
′
2 = (n1 + 1)(n2 − 1) <
n1n2, and therefore (n
′
1n
′
2)n3 · · ·nr < n1n2n3 · · · nr. Repeating this process, we know that
r
√
n1n2 · · ·nr attaining the minimum when one of n1, n2, . . ., nr is (n − r + 1) and the
others are 1. It follows that r
√
n1n2 · · ·nr ≥ r
√
n− r + 1 ≥ r
√
n/r. The proof of the claim is
completed.
Claim 2. ρ(Ĥ) ≤ m
r
√
n1n2 · · ·nr +
(n
r
)1− 1
r
.
Proof of Claim 2. Let ∆i = max{dj | j ∈ Vi(Ĥ)}, i ∈ [r], where V1(Ĥ), V2(Ĥ), . . .,
Vr(Ĥ) are the vertex classes of Ĥ. Hence ∆i ≤ m/ni+ 1 by Corollary 3.1 and the proof of
Lemma 3.2. Using Lemma 3.1 gives
ρ(Ĥ) ≤ r
√
∆1∆2 · · ·∆r ≤
r
√(
m
n1
+ 1
)(
m
n2
+ 1
)
· · ·
(
m
nr
+ 1
)
.
It suffices to show that
r∏
i=1
(
m
ni
+ 1
)
≤
(
m
r
√
n1n2 · · · nr +
(n
r
)1− 1
r
)r
.
Denote by e0(n1, n2, . . . , nr) = 1 and
ej(n1, n2, . . . , nr) =
∑
1≤i1<i2<···<ij≤r
ni1ni2 · · · nij , j = 1, 2, . . . , r,
the j-th elementary symmetric polynomials in n1, n2, . . ., nr. By Claim 1 and Maclaurin’s
inequality, for any i ∈ [r] we have
(n
r
)1− 1
r
r
√
n1n2 · · · nr ≥ n
r
=
e1(n1, n2, . . . , nr)(
r
1
) ≥ (ei(n1, n2, . . . , nr)(r
i
) ) 1i ,
which yields that
ei(n1, n2, . . . , nr) ≤
(
r
i
)(n
r
) (r−1)i
r
(n1n2 · · · nr)
i
r .
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Notice that
r∏
i=1
(
m
ni
+ 1
)
=
r∑
i=0
ei(n1, n2, . . . , nr)
n1n2 · · ·nr ·m
r−i.
Therefore, we obtain that
r∏
i=1
(
m
ni
+ 1
)
≤
r∑
i=0
(
r
i
)(
m
r
√
n1n2 · · · nr
)r−i (n
r
) (r−1)i
r
=
(
m
r
√
n1n2 · · · nr +
(n
r
)1− 1
r
)r
.
The proof of the claim is completed.
We will take the proof technique from [15]. Let H1 = (V (H), E(H)
⋃
E(Ĥ)) and
H2 = (V (H), E(H)\E(Ĥ)). Clearly, H is a subhypergraph of H1, then ρ(H) ≤ ρ(H1).
Therefore, by Lemma 2.4, we have
ρ(H) ≤ ρ(H1) = ρ(H2 ⋃ Ĥ) ≤ ρ(H2) + ρ(Ĥ).
It follows from Lemma 2.3 that
ρ(H)− ρ(Ĥ) ≤ ρ(H2) ≤ (E(H)\E(Ĥ))
r−1
r ≤
(
sr(H)
2
) r−1
r
. (3.6)
Finally, by (3.6) and Claim 2, we obtain
ρ(H)− m
r
√
n1n2 · · · nr ≤
(
sr(H)
2
) r−1
r
+
(n
r
)1− 1
r
. (3.7)
Let H(k, k, . . . , k) be a blown-up of H. Clearly,
|V (H(k, k, . . . , k))| = kn, |E(H(k, k, . . . , k))| = krm.
Applying (3.7) for H(k, k, . . . , k), we have
ρ(H(k, k, . . . , k)) − k
rm
r
√
(kn1)(kn2) · · · (knr)
≤
(
sr(H(k, k, . . . , k))
2
) r−1
r
+
(
kn
r
)1− 1
r
.
On the other hand, notice that ρ(H(k, k, . . . , k)) = kr−1ρ(H) by Lemma 3.3 and
sr(H(k, k, . . . , k)) = k
∑
i∈[r]
∑
j∈Vi
∣∣∣∣dH(k,...,k)(j)− krmkni
∣∣∣∣
= kr
∑
i∈[r]
∑
j∈Vi
∣∣∣∣dH(j) − mni
∣∣∣∣
= krsr(H),
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which follows that
kr−1ρ(H)− k
r−1m
r
√
n1n2 · · ·nr ≤
(
krsr(H)
2
) r−1
r
+
(
kn
r
)1− 1
r
.
Therefore, we obtain
ρ(H)− m
r
√
n1n2 · · · nr ≤
(
sr(H)
2
) r−1
r
+
(n
r
)1− 1
r · 1
kr+
1
r
−2 .
Take the limit k → +∞ on both sides of the above equation, we obtain the desired result.
The proof is completed. 
In the following we will give a proof of Theorem 1.2 in virtue of Theorem 1.1 and the
following result.
Lemma 3.4 ([14]). Suppose that H is an r-uniform hypergraph on n vertices. Let di be
the degree of vertex i of H, and ρ(H) be the spectral radius of H. Then
ρ(H) ≥
(
1
n
n∑
i=1
d
r
r−1
i
) r−1
r
.
If H is connected and r ≥ 3, then the equality holds if and only if H is regular.
Proof of Theorem 1.2. We first prove the left hand. For short, denote ρ(H) = ρ. By
AM-GM inequality, we have
1
r−1ρ
r
r−1+
(rm
n
) r
r−1
=
1
r−1
[
ρ
r
r−1 +
(rm
n
) r
r−1
+ · · ·+
(rm
n
) r
r−1︸ ︷︷ ︸
r−1
]
≥ r
2m
(r − 1)nρ
1
r−1 . (3.8)
Therefore, by Lemma 3.4 and (3.8), we have
v(H) =
1
n
n∑
i=1
d
r
r−1
i −
(rm
n
) r
r−1
≤ ρ rr−1 −
(rm
n
) r
r−1
=
r
r − 1ρ
r
r−1 −
[
1
r−1ρ
r
r−1+
(rm
n
) r
r−1
]
≤ r
r − 1ρ
1
r−1
(
ρ− rm
n
)
.
Notice that ρ ≤ rr√
r!
m
r−1
r by Lemma 2.3. Hence
v(H) ≤ r
r − 1
(
r
r
√
r!
) 1
r−1
m
1
r
(
ρ− rm
n
)
.
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Now we prove the right hand. Denote by Krr the r-uniform hypergraph of order r
consisting of a single edge. Let H˜ be the direct product of H and Krr , i.e., H˜ = H ×Krr .
Clearly, H˜ is an r-partite r-uniform hypergraph with partition
V (H˜) =
r⋃
j=1
(V (H)× {j}) .
By Theorem 1.1 we have
ρ(H˜)− |E(H˜)|
n
≤
(
sr(H˜)
2
) r−1
r
. (3.9)
Notice that |E(H˜)| = r!m and d
H˜
(i, j) = (r − 1)!di for any i ∈ V (H), j ∈ [r]. Therefore
sr(H˜) =
r∑
j=1
∑
(i,j)∈V (H˜)
∣∣∣∣dH˜((i, j)) − r!mrn
∣∣∣∣
= r
∑
i∈V (H)
∣∣∣∣(r − 1)!dH (i)− r!mrn
∣∣∣∣
= r!s(H).
By [14, Claim 4], we know ρ(H˜) = (r − 1)!ρ(H). It follows from (3.9) that
(r − 1)!ρ(H) − r!m
n
≤
(
r!s(H)
2
) r−1
r
,
and the assertion follows by simple algebra. 
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